Abstract: Headform impact testing is commonly used in the evaluation of helmets and head gear, head impact sensors and in sports related accident reconstruction. While linear acceleration of the headform center of mass can be measured using three linear accelerometers, the preferred method for measuring rotational acceleration of the headform requires six or more additional accelerometers. Some measurement systems use gyroscopes to directly measure headform angular velocity and obtain angular acceleration through differentiation. This approach simplifies instrumentation of the headform and reduces costs, but at the expense of accuracy. Error introduced through differentiation of angular velocity data can be prohibitively large for some sports applications, particularly in the consideration of un-helmeted headform impacts. This work considers the application of a new, optimization-based differentiation technique to improve the fidelity of headform angular acceleration estimates based on gyroscope measures of headform angular velocity. A Hybrid III headform instrumented with three gyroscopes and nine linear accelerometers was subject to drop impacts, as well as being impacted with soccer balls and softballs projected over a range of velocities. Measures of resulting headform angular acceleration were obtained from the gyroscope data using five-point stencil differentiation and the new optimization based algorithm. These results were compared to the nine accelerometer array measurements of angular acceleration across impact scenarios.
Introduction
Accurate measurement of linear and angular acceleration of rigid bodies has found an important application in head impact research. Head impact research is primarily conducted using instrumented headforms, most commonly the Hybrid III and NOCSAE. Accelerations and associated metrics measured during headform impact testing are compared to head injury thresholds to determine the acceptability of helmet and headgear performance in mitigating the risk of injury for a given impact [1] [2] [3] . While many test standards utilize the same accelerations or other metrics to evaluate performance of player protective equipment, several methods may be used to obtain headform kinematics during an impact.
Each technique to describe the 6 degrees of freedom of a headform, consists of an array of sensors, notably the 3-2-2-2 array and 3aω. The 3-2-2-2 is an array of 9 linear accelerometers configured with 3 accelerometers located at the center of gravity (CG) of the headform and 3 biaxial pairs located a known distance from the CG (Figure 1 ) Padgaonkar [4] . The 3-2-2-2′s ability to measure linear and rotational acceleration directly make it useful because helmet certification and injury thresholds are commonly based on these accelerations. The 3-2-2-2 has been widely used and praised for its robustness, reliability and computational stability, and deemed by some as the preferred technique [5] [6] [7] . The 3aω is another array consisting of 3 accelerometers located at the CG but differs from the 3-2-2-2 in the use of 3 gyroscopic angular rate sensors [8, 9] . The 3aω has distinct benefits over the 3-2-2-2 in channel count, consisting of 6 sensors instead of 9. This simplifies the array, makes it more compact and simplifies the data acquisition system. The angular rate sensors are also better at capturing longer duration impacts and are insensitive to mounting location [7] . Angular accelerations from the 3aω are calculated by differentiating the velocities obtained from the gyroscopes, which can amplify noise and negatively affect the accuracy of the angular accelerations [7] . Several techniques have been developed to improve the accuracy of angular accelerations from the 3aω's angular velocity measurements. Various methods have been implemented to optimize filtering to obtain a "true differentiation" [7] . Different numerical differentiation methods are available as well, and a comparison of some examples are outlined by Walker [10] . The total-variation Regularization (TV) method of differentiation developed by Rick Chartrand may improve accuracy of angular acceleration [11] . The TV method has many promising qualities for this application, including the acceptability of discontinuities, the implementation of a lagged diffusivity algorithm with proven convergence properties and regularization allowing it to capture more features of the data. The purpose of this study was to determine if the TV method of differentiation can improve the 3aω's ability to measure angular acceleration and thereby better realize the 3aω's advantages.
Materials and Methods

Data Collection
Headform impact kinematics were obtained from a Hybrid III headform and neck assembly instrumented with nine single-axis linear accelerometers (7264H-1KTZH-360, Meggitt Sensing Systems, Irvine, CA, USA) oriented orthogonally following a 3-2-2-2 arrangement (NAP), and three orthogonally mounted angular rate sensors (ARS-PRO-8K, Diversified Technical Systems, Seal Beach, CA, USA). Data from both sensor types were collected at 50 kHz.
Linear accelerations and angular velocities were measured when the headform was both impacted by projected sports balls and dropped onto an MEP pad [12] . No helmets or headgear were used in the impacts and all contact was with the bare headform. For sports ball impacts, a solid (softball) and inflated (soccer ball) sports ball were projected at 20 m/s and 27 m/s, respectively, by a pneumatic cannon. For each impact, high speed video recorded at 3000 fps was reviewed to confirm a consistent impact location at the forehead of the headform, though substantive deformation of the soccer ball resulted in a larger contact area (Figure 2 ). For drop impacts, the headform and neck assembly was mounted on a NOCSAE-compliant drop carriage, using twin-wire guides and dropped from a height of 1.07 ± 0.003 m (Figure 3 ). Linear acceleration and angular velocity data were recorded for twelve impacts with each ball and from drops. 
Data Analysis
Linear acceleration was filtered using a fourth-order, low-pass Butterworth filter with a cut-off frequency of 1650 Hz. Angular velocity was filtered using a fourth-order, low-pass Butterworth filter, but over a range of frequencies as detailed below. Angular accelerations were calculated using three methods. First, angular acceleration was obtained from the filtered linear acceleration signals as described elsewhere [4] . Second, a five-point stencil method was used to calculate angular acceleration from the filtered angular velocity data [13, 14] . Finally, angular acceleration was calculated from the angular velocity data using an iterative method of total variation (TV) regulation [11] .
The TV regulation method is an optimization-based approach to numerical differentiation which minimizes the sum of a regularization penalty term and an anti-differentiation term. The regularization term increases with greater irregularity of the differentiated data, while the anti-differentiation term increases with the difference between the undifferentiated signal and the integral of the differentiated data. A scalar, α, is used to define the relative weight of these parameters within the minimization operation. The method has been shown to perform well in cases where denoising of data is not possible, but does require the arbitrary selection of α, for which there is no physically meaningful value.
The relative performance of the five-point stencil and TV regulation methods were evaluated for angular velocity filter cut-off frequencies ranging from 1 kHz to 2 kHz. The minimum cut-off frequency was selected as a lower-bound for the un-helmeted headform, while the data-sheet specified frequency response limit of the angular rate sensors was selected for the maximum cut-off frequency. For each impact, performance of the five-point stencil and TV regulation methods was assessed using the mean normalized error (MNE), given by:
where , is the maximum angular acceleration observed for the ith impact, , is the maximum angular acceleration obtained by differentiation of angular velocity data from the same impact, and the total number of impacts. For each cut-off frequency examined, the "optimal" α across all impacts, defined as the value of α resulting in the lowest MNE, was identified and used in the analysis. In this way, the maximal advantage through the TV regulation method was characterized.
Results
Lower cut-off frequencies for processing rotational velocity resulted in smoother angular acceleration traces from both differentiation techniques and under-estimation of peak angular accelerations for short duration contacts (Softball) compared to measures obtained from the NAP system. Increasing the cut-off frequency resulted in greater noise and over-estimation of peak angular acceleration for longer duration contacts (Soccer ball, Drop; Figure 4 ). Performance of the five-point stencil technique and the TV regulation method were indistinguishable for cut-off frequencies below approximately 1500 Hz, and optimum performance, when assessed by MNE, was achieved by a cut-off frequency near 1300 Hz for both differentiation techniques. For cut-off frequencies above that 1500 HZ performance of the two methods diverged, with performance of the TV regulation method decreasing more slowly than the five-point stencil ( Figure 5 ).
Figure 5.
Mean normalized error across all impacts for both differentiation methods as a function of cut-off frequency used to filter rotational velocity data. Also shown is the optimal α value at each cutoff frequency.
Discussion
This study evaluated the five-point stencil and TV regulation methods for obtaining measures of angular acceleration from angular velocity data by comparing their output to measures of angular acceleration obtained from a 3-2-2-2 linear accelerometer array. Each method was evaluated for softball impacts, soccer ball impacts and drop tests with a bare headform.
Comparison of the differentiation methods indicated that, should an optimal α value be used, the TV regulation method performed as well as or better than the five-point stencil methods across all cut-off frequencies examined. This result describes the maximal benefit afforded by the use of the TV regulation method across a particular set of impacts, and future work will be required to determine if the improvement persists when values of α are selected without a priori knowledge of the true signal. Furthermore, analysis techniques like k-fold cross-validation will be needed to assess the robustness of the approach in future investigations. Results of the current study suggest that, for MNE, if the most appropriate cut-off frequency or α value are not known with confidence prior to analysis, filtering angular velocity data more aggressively, rather than less, will produce the best performance on average.
These results are likely most useful for novel investigations of un-helmeted head impact, as most test standards utilizing headforms for the purpose of measuring angular head accelerations do so to evaluate the performance of helmets or headgear [15] [16] [17] . Nevertheless, these results may provide benefit for researchers using un-helmeted headforms and those conducting cadaver studies in fields ranging from sports science to automotive safety.
Conclusions
The TV regulation method of differentiation may offer improved performance compared to the five-point stencil differentiation technique in cases where frequency content of the angular acceleration signal is believed to exceed 1500 Hz and the most appropriate cut-off frequency is unknown.
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